Introduction
It is well known [1, 2, 3] that elliptic operators on a smooth closed manifold M are classified by the K-homology group of the manifold. More precisely, there is an isomorphism
where Ell(M) is the group of stable homotopy classes of elliptic pseudodifferential operators on the manifold, while K 0 (M) is the (even) K-homology group, considered as the generalized homology theory dual to Atiyah-Hirzebruch K-theory (see [4] ).
Both sides of (1) are well-defined also in the case, when the manifold or the operators have singularities. 1 It turns out that (1) holds in the singular case as well. As the main result of this paper, we prove that the isomorphism is also valid for manifolds with simplest singularities.
Let us explain the scheme of obtaining the isomorphism. We start from the smooth case. Here the homotopy classification is given already by the Atiyah-Singer difference construction χ : Ell(M) −→ K c (T * M).
Having in mind K-homological terminology, we note that we can apply Poincaré isomorphism in K-theory on the cotangent bundle to the latter group:
and obtain the desired isomorphism (1) . We now go back to the case of a manifold M with singularities. Can one apply the same "smooth" scheme of proof of the desired isomorphism? It turns out that this scheme can be applied modulo some modifications.
Namely, one notes that since the symbols of operators on singular manifolds form noncommutative algebra, it is natural to work in the K-theory of algebras. Then the topological K-group K c (T * M) = K 0 c (T * M) of the cotangent bundle is replaced by the K 0 -group of some algebra (we denote it by A) defined by the Calkin algebra of our operators and the algebra that defines the bundles, in sections of which our operators are acting. Then it remains to construct the isomorphism
-the analog of Poincaré isomorphism, and we give here its construction on the example of simplest singularities like the conical point and the edge. Thus, we obtain the stable homotopy classification for elliptic operators on manifolds with such singularities. Let us note one important corollary of the homotopy classification (1) . In elliptic theory on manifolds with singularities, it is well known [5] , [7] that quite often an operator elliptic in the interior part of the manifold can not be made Fredholm by a modification near the singularity. (This is similar to the situation of boundary value problems, where there exists the Atiyah-Bott obstruction [8] to elliptic boundary conditions for elliptic operators on manifolds with boundary.)
It turns out that the isomorphism (1) for operators from the corresponding algebra (see below) enables one to write explicitly the obstruction to the existence of Fredholm problems. Namely, if M is a manifold smooth outside its singularity set Σ ⊂ M, and D is an elliptic operator on the smooth part, then one can show that the existence of a Fredholm problem for D is obstructed by a (possible) nonvanishing of the element in the odd K-homology of the singularity set
Homotopy classification problem for elliptic operators
Abstract operators in subspaces. Suppose we are given a pair of algebras A 0 ⊂ A inside the algebra B(H) of bounded operators on a separable Hilbert space H. We will assume for simplicity that A contains the ideal of compact operators K = K(H).
We call A the algebra of operators, its Calkin algebra A/K -the algebra of symbols, while algebra A 0 -algebra of functions.
is called operator in subspaces [13] determined by the pair P, Q ∈ Mat(A 0 , n) of matrix projections (P 2 = P, Q 2 = Q) with entries in A 0 and matrix operators D ∈ Mat(A, n) satisfying the inclusion D(Im P ) ⊂ Im Q (algebraically this is equivalent to: QDP = DP ).
Two operators in subspaces are equal, if they define the same restrictions (3).
This definition is an abstract analog of the notion of operator acting in sections of vector bundles. 
Example 1 Consider a pair of algebras
while trivial operators are identity operators of arbitrary matrix order (i.e., triples (1, P, P ) with an arbitrary projection P ).
It is easy to check that the stable homotopy is an equivalence relation. By Ell(A 0 , A) we denote the set of elliptic operators, modulo stable homotopies. This set is an Abelian group with respect to the direct sum of operators in subspaces. The inverse element is given by the almost-inverse operator and the zero is represented by trivial operators.
The main problem we consider in this paper is the problem of computing the group Ell for some particular classes of algebras. We refer to this problem as the homotopy classification problem for elliptic operators generated by the pair (A 0 , A) Symbols. Similar to operators one can introduce the notion of a symbol in subspaces (σ, P, Q).
Here P, Q are projections in matrix algebras over A 0 as above, while the matrix operator σ ∈ Mat(A/K, n) has components in the Calkin algebra. As usual one proves that starting from the symbol one can reconstruct the operator uniquely up to compact operators, and the existence of homotopies for operators is equivalent to the existence of homotopies of their symbols. Thus, we will speak sometimes about operators and sometimes about the symbols.
2 Main results
Operators on manifolds with conical points
Manifolds. The simplest manifold with singularities is the manifold M with a conical point. It can be obtained if we identify all the boundary points in a closed compact smooth manifold M with nonempty boundary ∂M
This space has only one point at which it is not smooth. This is the point, to which the whole initial boundary is collapsed. Near the singularity the space looks like a neighborhood of the vertex of the cone with base ∂M
Algebra of operators. On M, we consider the algebra Ψ(M) of cone pseudodifferential operators of order zero (e.g., see [14] )
acting in weighted Sobolev space of weight and order zero. These spaces will be denoted by L 2 (M). Let us recall that the Calkin algebra 3 for Ψ(M) consists of compatible pairs
The components of the pair for an operator D ∈ Ψ(M) can be described in the following manner:
• the first component σ(D) is the principal symbol -function on the cosphere bundle of manifold M, which is smooth up to the boundary;
• the second component σ c (D) -the conormal symbol, is a parameter-dependent family (with parameter p ∈ R) [15] of pseudodifferential operators on the boundary ∂M.
By Ψ p (∂M) we denote the algebra of parameter-dependent families, while the symbol of a family with parameter is denoted by smbl:
Here we assume that a collar neighborhood of the boundary is fixed. So, there is an identification: 
In elliptic operator terms, one can say that this group is generated by elliptic operators
acting on sections of arbitrary vector bundles E, F ∈ Vect(M). The above description of the Calkin algebra Ψ(M)/K shows that the commutator
is compact if the function is constant on the boundary. By continuity this gives the compactness of the commutator for an arbitrary continuous function on the (compact) singular space M
It follows (see Section 5) that an arbitrary elliptic operator D defines an element in analytic K-homology of the singular space M:
Theorem 1 One has
Case of several conical points. Similarly, one can consider manifold M with N > 1 distinct conical points. In other words, when the manifold is obtained from a manifold with boundary such that the connected components of the boundary are arranged into N nonintersecting groups:
and each group Ω i is then collapsed to a point pt i . Analytically, this means that we consider operators with one principal symbol and N conormal symbols. The isomorphism of Theorem 1 remains true in this case.
Remark 1
The homotopy classification in the case of one singular point was obtained in [10] . It was shown that the group Ell(M) is isomorphic to the direct sum K 0 c (T * M) ⊕ Z. Our classification gives the same answer in this case. Indeed:
The last isomorphism is the Poincaré isomorphism on manifolds with boundary.
Operators with discontinuous symbols in fiber bundles
Operators on a fibered manifold. Consider a smooth locally trivial fiber bundle
where the base and the fiber (denoted by Ω) are compact closed manifolds. Consider the algebra generated by pseudodifferential operators of order zero on Y and families of pseudodifferential operators of order zero acting in the fibers, see [16] . Denote this algebra by Ψ(Y, π). Its elements can be considered also as operators on Y with symbols having discontinuities of a special form 4 that we now describe. Denote by S * Y \ π * S * X the compactification of the complement S * Y \ π * S * X, for which a sequence (x i , ω i , ξ i , η i ) converges to a point in π * S * X, if in addition to the usual convergence one also has the convergence for the quotients η i /|η i | (here x, ω are the coordinates along the base and the fiber, while ξ, η -are the dual coordinates). It is easy to show that S * Y \ π * S * X is a manifold with boundary.
5 This boundary is diffeomorphic to the complement S * Y \ U π * S * X to a collar neighborhood U π * S * X of the submanifold π * S * X. Now the Calkin algebra of Ψ(Y, π) can be described (see [16] ) as the subalgebra in the direct sum of algebras:
determined by the compatibility condition:
For an operator A ∈ Ψ(Y, π) the first component σ(A) is the principal symbol of the operator, while the second σ(A) -is called the operator symbol. The operator symbol is a function on the cosphere bundle of the base with values in pseudodifferential operators in the fibers. Consider the pair of algebras
The corresponding group of stable homotopy classes of elliptic operators is denoted by Ell(Y, π). It is generated by operators
acting on the fibered manifold, where the projections 4 Symbols discontinuous in covariables were considered in [17] . 5 The boundary fibers over Y , with fiber over a point (x, ω) equal to the product of the cospheres
Theorem 2 One has an isomorphism:
Remark 2 A similar result holds in the case, when the base of the fiber bundle has a nonempty boundary. In this case we consider the algebra generated by the operators which near the boundary act as operators of multiplication by functions f ∈ C ∞ (Y ). 6 The corresponding group Ell(Y, π) will be isomorphic in this case to the group
Operators on manifolds with fibered boundary
Manifolds with fibered boundary. Let M be a compact manifold with boundary, and the boundary is represented as the total space of a locally-trivial fiber bundle with fiber Ω. We will fix some extention of the fibration to some collar neighborhood of the boundary U ∂M ≃ ∂M × [0, 1) and denote the extended projection by
Let M be the manifold with singularities, obtained from M by the identification of points in the fibers of π. A homotopy equivalent space can be obtained if we identify only the points in the fibers at the boundary ∂M. This space is referred to as a manifold with edge X.
The aim of the present section is to describe an elliptic theory, whose homotopy classification produces the group K 0 (M).
Operators. Denote by Ψ(M, π) ⊂ B(L 2 (M)) the algebra generated by:
1. the usual pseudodifferential operators of order zero over the interior part of the manifold;
2. in a neighborhood ∂M ×[0, 1) of the boundary by operators from the algebra Ψ(∂M × [0, 1), π) (see remark 2 of the previous section);
3. compact operators.
In other words, the operators from the algebra Ψ(M, π) are the usual pseudodifferential operators far from the boundary, and in a neighborhood of the boundary are operators corresponding to the fibration π.
Homotopy classification. Let Ell(M, π) be the group of stable homotopy classes of elliptic operators corresponding to the embedding of algebras
The symbolic calculus of the usual pseudodifferential operators and operators in the fibration π show that for an elliptic operator D, with [D] ∈ Ell(M, π), and f ∈ C ∞ (M) the commutator [D, f ] is compact, if the function is constant in the fibers of π, i.e., it is induced by a continuous function on the manifold with edge. Hence (see Section 5), an elliptic operator D from Ell(M, π) defines an element in K-homology of the singular space M:
Theorem 3 One has
3 Difference construction
The aim of this section is to prove that the group Ell(A 0 , A) is isomorphic to the Kgroup of some algebra constructed from the pair (A 0 , A). The isomorphism generalizes the Atiyah-Singer difference construction [9] . In addition to the conditions of Section 1, we will assume that A and A 0 are C * -algebras. For definiteness we will assume that A 0 is unital. This is of course not a restriction, since a unit can always be adjoined.
By Con f denote the cone of a monomorphism f : A 0 → A. We will also write Con(A 0 , A), when f is the inclusion of a subalgebra). Recall that the cone is defined as the subalgebra of the direct sum A 0 ⊕ C 0 ([0, 1), A):
Difference element of an elliptic symbol. Let us prove that the symbol of an elliptic operators in subspaces D : Im P → Im Q defines an element in the K-group K 0 (Con(A 0 , A/K)) of the cone of the natural mapping A 0 → A/K. This element is constructed as follows.
To shorten the notation, we denote the algebra Con + (A 0 , A/K) by Con, while the algebra with adjoined unit by Con + . The latter algebra also consists of pairs (a, a(t)). The only difference is that for Con + the function a(t) at t = 1 can be an arbitrary scalar:
Consider a matrix projection P with entries in Con + :
The second term in this pair P t ∈ Mat(A/K, N) is a family of projections defined for t ∈ [0, 1] as
(here σ ∈ A denotes the symbol of D, σ −1 is the symbol of the almost-inverse operator). The homotopy of projections (12) is called rotation homotopy. 7 The homotopy is well defined (i.e., for all t the operator P t is a projection), provided the ranges of P and Q are orthogonal. The orthogonality is valid, if, for instance, the projections have the following block-diagonal form
(an arbitrary pair (P, Q) can be reduced to this form by stable homotopies). Let P 0 ∈ Mat(Con + , m + n) be the projection with components (Q, Q) (cf. (11)). The element
is called the difference element of the elliptic operator D.
Difference construction
Example 2 For a smooth manifold the Calkin algebra Ψ(M)/K is isomorphic to the algebra C(S * M) of continuous functions on the cosphere bundle of the manifold, the cone of the embedding C(M) ⊂ C(S * M) is isomorphic to the algebra C 0 (T * M) of functions on the cotangent bundle vanishing at infinity. In this case the theorem gives the AtiyahSinger isomorphism: the group of stable homotopy classes of elliptic pseudodifferential operators on M is isomorphic to the K-group of the cotangent bundle K 0 c (T * M).
Proof. Let us prove that the difference construction is well-defined. Actually, this follows from the definition of the groups Ell and K 0 . Indeed, the difference element of a trivial operator is zero in the K-group, while a homotopy of elliptic operators induces a homotopy of the corresponding projections P and P 0 in (13) . The invertibility of the difference construction homomorphism is proved as follows. We first construct the left inverse mapping to χ and then prove the surjectivity of χ. These two facts prove the desired isomorphism.
1. Let us construct the inverse mapping
Consider an element [P] − [Q] ∈ K 0 (Con), where P, Q are projections in matrix algebras over Con + . We can assume that Q = Id n ⊕ 0 m . Then for the projection P = (P, P t ) we define
The term rotation is motivated by the fact that in the case of orthogonal projections P, Q and an isometric isomorphism σ the vectors in the range of P t are obtained as the rotation by angle πt/2 of v ∈ Im P towards σv ∈ Im Q.
where the symbol of an elliptic operator U is defined as the value at t = 1 of the solution of the Cauchy problem:
This procedure requires the smoothness in t of the homotopy. Nonetheless, this is sufficient to define the mapping (15) . This follows from the fact that the subalgebra in Con, corresponding to smooth families of projections P t , is local (in the sense of [18] ) and, thus, defines the same K-group as the algebra Con. 2. The equality χ −1 • χ = Id is obtained by a direct computation, since (16) can be solved explicitly for the projection defined by (12) . The details of the computation are left to the reader.
3. Surjectivity of χ. To verify this one should prove that an arbitrary element
can be represented in the form (13), for a rotation homotopy (12) defined by some elliptic symbol σ. We will assume from now on that the second projection is trivial: Q = (Q, Q), as in (13) . In this case the projection Q is determined by P = (P, P t ), or, more precisely, by the value of its second component at t = 1. Hence, it will be enough to construct only homotopies of the projection P, without mentioning explicitly the homotopy of Q.
We construct the desired homotopy in two steps. First, we deform the homotopy to obtain a homotopy of projections P t , which for t ∈ [1/2, 1] is the rotation homotopy from P 1/2 towards P 1 , while the projections P t for all t ≤ 1/2 are orthogonal to P 1 . This can be accomplished by a stabilization (passing to matrices twice bigger as the original matrices) and by superposition of the original homotopy with the rotation homotopy, which connects the projections P 1 ⊕ 0 and 0 ⊕ P 1 .
On the second step, we extend the rotation homotopy obtained previously from the half-interval [1/2, 1] to the whole interval [0, 1]. To this end we deform the homotopy of projections P t with deformation parameter ε ∈ [0, 1/2] according to the formula
where in the second case the rotation between the projections with a given homotopy between them is defined by substituting in (12) the solution of the Cauchy problem (16) . By construction, for ε = 0 we obtain the rotation homotopy between P 0 and P 1 . Therefore, the initial element (17) is indeed a difference element for some elliptic operator.
This proves that the difference construction is surjective.
Remark 3 (families of operators) One can generalize the difference construction to the case of continuous families of elliptic operators. This generalization is done by standard techniques. Since this will be used later (see Remark 4), we will formulate the result: families of elliptic operators corresponing to a pair (A 0 , A) and parametrized by a compact space X are classified by the K-group of the algebra C(X, Con) of continuous Con-valued functions on X.
Remark 4 Operator families can be used to define the odd elliptic group corresponding to the group K 1 of the mapping cone. Namely, let Ell 1 (A 0 , A) be the group of stable homotopy classes of elliptic families {D ϕ } ϕ∈S 1 such that for ϕ = 0 D ϕ is trivial (i.e., the operator at ϕ = 0 has components in the algebra A 0 ). A family is trivial, if D ϕ is tirivial for all ϕ. It is easy to express the odd groups in terms of the even ones:
(where ΣA is the suspension C 0 ((0, 1), A) of A). Hence, applying Theorem 4 we get the desired isomorphism
Here we use the suspension isomorphism.
Mapping cone K-theory exact sequence. One has an exact sequence
induced by the short exact sequence of algebras
The elements in (18) admit natural descriptions in terms of elliptic operators:
• the group K 1 (A/K) corresponds to the subclass of matrix elliptic operators (i.e., the projections P, Q are identity maps) and is formed by the stable homotopy classes of such operators;
• the mapping (18) is induced by the embedding of matrix operators in the class of operators in arbitrary subspaces (i.e., subspaces defined by possibly nontrivial projections);
• the mapping K 0 (Con) → K 0 (A 0 ) takes an operator in subspaces to the difference of its projections;
• the boundary mappings K * (A 0 ) −→ K * (A/K) are induced by the algebra homomorphism f : A 0 → A/K (e.g., see [19] );
• the mapping K 0 (A/K) → K 1 (Con) takes a projection P ∈ Mat(A/K, n) to the family P z + Id n − P , where z = e iϕ is the coordinate on the circle.
Proofs of the homotopy classifications
In this section we give the proofs of the theorems stated in Section 2.
Isolated singularities
In this subsection we give the proof of Theorem 1 on the homotopy classification of elliptic operators on a manifold with a conical point. 1. Instead of proving the classification of elliptic operators, we shall classify elliptic symbols (according to Section 1 the two problems are equivalent).
2. Furthermore, the classification corresponding to the pair of algebras C ∞ (M) ⊂ Ψ(M) coincides with the classification for the closure of this pair with respect to the operator norm: C(M) ⊂ Ψ(M). Let us note that similarly to the original algebra, the Calkin algebra of the closure consists of compatible pairs
Here the closure Ψ p (Ω) of the algebra of parameter-dependent families is considered with respect to the norm sup
This description follows from the well-known estimates of the norm for operators D ∈ Ψ(M) modulo sums with compact operators:
3. We can apply the difference construction of the previous section (Theorem 4) to the embedding of C * -algebras f :
Thus, we will prove the isomorphism of the latter group and the K-homology group of the singular manifold. 4. Let us embed χ in a commutative diagram:
The bottom row of the diagram is the K-homology exact sequence for the pair pt ⊂ M, while the upper row is the K-theory exact sequence for the ideal I ⊂ Con f of elements with zero principal symbol. For this ideal it is easy to obtain an isomorphism I ≃ C 0 ((0, 1) × R, K), and for the quotient we have
(Here B * M is the unit ball bundle in the cotangent bundle.) The vertical mappings in the diagram are induced by quantizations. More precisely, the elements of the K-groups in the upper row are considered as difference elements for some elliptic symbols, and then one associates operators to the symbols. In more detail, the third mapping χ :
on the sides of the diagram are well known (e.g., see [2] , [20] ) and correspond to operators elliptic on the interior of the manifold (let us recall that in the case of odd K-homology groups one considers only self-adjoint operators). Such operators almost-commute with all functions vanishing on the boundary. All the vertical mappings, except possibly χ, are isomorphisms (e.g., see [2] ).
5. Let us compute the boundary mapping ∂. To this end we interpret the group
as the group generated by symbols σ(x, ξ, λ) elliptic with parameter λ ∈ R. Here the coordinates x in a neighborhood of the boundary are separated into the tangential and normal x = (y, t), the dual variables are denoted by ξ = (η, p). Then the restriction of σ(x, ξ, λ) to the boundary can be considered as the family of symbols on the boundary elliptic with parameters (p, λ) ∈ R 2 . Therefore, the index of this family is a number
This is well defined, since parameter dependent ellipticity implies that the operator family σ (y, 0, −i∂/∂y, p, λ) is Fredholm everywhere and invertible for large values of the parameters (e.g., see [21] ).
is expressed by the formula
Proof. Consider a commutative diagram
here ∂ Con f is the algebra
The diagram (22) and the naturality of the boundary mapping imply that the desired boundary mapping ∂ (it corresponds to the top row in (22)) is a composition
and the boundary mapping
corresponding to the bottom row. We are interested in the boundary mapping ∂ ′ defined on the odd K-group. Hence, the desired equality (21) follows from the fact that the boundary mapping from the odd group is actually the index (see [18] ).
6. We can apply the 5-lemma to the diagram and thus prove the desired isomorphism K 0 (Con f ) ≃ K 0 (M), once we know the diagram is commutative. Therefore, the proof will be completed if we obtain the following lemma.
Lemma 2 The diagram (20) commutes.
Proof. A. Let us verify the commutativity of the square
The boundary mapping ∂ ′′ can be represented as the composition of the boundary mapping K 1 (M, ∂M) → K 0 (∂M) and the index mapping K 0 (∂M) → K 0 (pt) = Z, i.e. ∂ ′′ coincides with the mapping in the upper row of the diagram (20) (see also [22] ).
B. Commutativity of the square in the center of (20) . The range of Z → K 0 (Con f ) is defined by elliptic operators of the form 1 + G, where G is an operator with principal symbol equal to zero. We have to prove that such operators give Fredholm modules equivalent to a Fredhom module with a very simple module structure: the action of a function f is determined by the product with the value f (pt) at the cone vertex. This is accomplished in two steps:
1. (removal of the smooth part) without changing the element in K-homology, we can restrict the operator 1 + G to a neighborhood of the conical point (the original operator and its restriction are stably equivalent);
2. (homotopy of the module structure) in a neighborhood of the conical point the module structure f (x), u(x) → f (x)u(x) is reduced by a homotopy to f (x), u(x) → f (pt)u(x). The homotopy corresponds to the simplest rescaling: f (xε)u(x).
C. Commutativity of the right most square follows immediately from the definition of K-homology for noncompact spaces (i.e., K-theory for nonunital algebras), see [20] .
Thus, Theorem 1 is proved for the case, when there is only one singular point. For several conical points the ideal I of operators with zero principal symbol is a direct sum of ideals C 0 (R 2 , K) at each singular point, and we obtain
The scheme of the proof remains the same in this case and we shall not repeat it here.
Fibered manifolds
In this subsection we prove Theorem 2 on the homotopy classification of elliptic operators on a fibration. 1. As in the previous subsection we consider the classification for elliptic symbols. Similar to the above we classify continuous symbols instead of smooth ones. The inclusion of norm-closures of our algebras is denoted by
The Calkin algebra of the closure Ψ(Y, π) is the subalgebra of compatible pairs of continuous symbols as in (7):
This follows from the equality of the norms of operators modulo compact terms, and the maximums of the absolute values of symbols (see [16] 
2. We embed χ in a commutative diagram:
Here the horizontal mapping is induced by the embedding of the operators on the base X in the set of operators on the fibration. To obtain this embedding, one has only to realize the usual finite-rank vector bundles on X as the ranges of families of finite rank projections in the L 2 -spaces on the fibers. 3. We will obtain the desired isomorphism property for χ, if we prove that the horizontal mapping of the triangle is an isomorphism. This is proved in the following proposition.
Proposition 1
The inclusion of the ideal I X ⊂ Con f of elements with zero principal symbol induces the isomorphism of K-groups
Proof. The quotient Con f /I X ≃ C 0 (T * M \ π * T * X) corresponds to the product [0, ∞) × ∂ T * Y \ π * T * X , i.e., is contractible and has trivial K-groups. Thus, the short exact sequence of the pair I X ⊂ Con f induces the desired isomorphism of the K-groups of the algebra and its ideal.
follows from the fact that the ideal I X consists of functions on T * X with values in compact operators in the fibers.
Manifolds with fibered boundary
In this subsection we prove Theorem 3 about the homotopy classification of elliptic operators on manifolds with fibered boundary. 1. The difference construction gives an isomorphism Ell(M, π) ≃ K 0 (Con), where Con denotes the cone of the embedding:
Here C(M) and Ψ(M, π) are the norm-closures of the smooth algebra of functions and the algebra of operators.
2. The groups Ell and K-will not change, if we replace the latter map by the mapping
Denote this mapping by f . Here Ψ 0 (M, π) ⊂ Ψ(M, π) stands for the subalgebra of operators with zero symbols on the boundary ∂M, and the algebra of "functions" C 0 (M) is defined as:
(here t ∈ [0, 1] is a normal coordinate in a neighborhood of the boundary U ∂M , {t = 0} is the equation of the boundary).
3. We will prove the isomorphism for the K-groups K 0 (Con f ) and K 0 (M). 4. The groups are embedded in the diagram:
(25) Let us define this diagram. The bottom row here is the K-homology exact sequence of the pair X × [0, 1] ⊂ M. The upper row is induced by the exact sequence of algebras
here j is the restriction mapping of elements on the subset M 0 = M \ U ∂M , where we deal with the usual pseudodifferential operators. The kernel of j is an ideal in Con f denoted by A 0 . One can see that this ideal is the mapping cone of the homomorphism:
In particular, its K-group K 0 (A 0 ) ≃ K 0 (X) classifies according to Theorem 4 elliptic operators corresponding to the fibration π :
The vertical mappings in the diagram (25) -the quantization mappings χ with lower indices -are defined in terms of elliptic operators: χ M corresponds to operators on the interior of M, χ X -to operators on the fibration π.
All the vertical mappings, except χ M , are isomorphisms. Therefore, to prove that χ M is an isomorphism using the 5-lemma, it is enough to prove the commutativity of the diagram.
5. Let us show that the left-and rightmost squares in (25) commute. The commutative diagram
implies that the boundary mapping ∂ is a composition
of the restriction to the boundary and the change of the module structure (direct image mapping π * ). Applying the Poincaré isomorphism (see [3] , [2] ), we can pass to the topological K-groups, and rewrite (28) as as the suspension 8 of the sequence of the form (19) induced by the homomorphism
The latter homomorphism is induced by the embedding of the continuous symbols in the class of discontinuous symbols. Thus, according to (18) the boundary ∂ ′ in K-theory
coincides with the induced mapping h * . Therefore, the commutativity of the extreme squares in (25) reduces to the commutativity of the following diagram
It is commutative, since ∂M is closed and smooth. 6. The commutativity of the two squares in the middle of (25) is proved easily. Applying the 5-lemma to (25) we end the proof of Theorem 3.
Appendix. Analytic K-homology
In this Appendix we recall for the readers convenience the main definitions from the theory of analytic K-homology (see [23] , [18] , [24] ), which are used throughout the paper. Let X be a compact Hausdorf topological space.
Even Fredholm modules and the group K 0 (X).
Definition 4 An even Fredholm module over space X is a pair (F, H), consisting of a bounded operator F : H → H, acting on the Z 2 -graded separable Hilbert space
with components H 0,1 equipped with the structure of * -modules over the C * -algebra C(X). Denote the homomorphism defining the module structure by φ : C(X) → B(H). We assume that the operator is odd relative to the grading, and for an arbitrary function f ∈ C(X) we have
where ∈ K(H) is the ideal of compact operators in H. 8 The suspension common to all terms of the sequence uses the conormal variable.
The even K-homology group (with respect to direct sum) denoted by K 0 (X) is obtained from Fredholm modules, if we identify the modules by the equivalence relation -stable homotopy. 9 Let us describe this equivalence relation. Two Fredholm modules are isomorphic, if the corresponding C(X)-modules H are isomorphic, and the operators F transform one into another under the isomorphism of spaces. Two modules (F 1 , H) and (F 0 , H) are homotopic, if they can be connected by a family of modules (F t , H) such that the operator families F t and φ t (f ) (for fixed f ∈ C(X)) are strongly continuous. A module is trivial if it has each expression in (30) equal to zero (for any f ∈ C(X)). Finally, two modules are stably homotopic, if their direct sums with some trivial modules are homotopic.
Remark 5
The definition of the K-homology groups still makes sense if one replaces the commutative algebra C(X) by much more general C * -algebras. However, in this paper we use only the algebra C(X) of continuous functions on a compact set or the algebra C 0 (M \ ∂M) of functions vanishing on the boundary of a smooth manifold M. The Khomology group of the latter nonunital algebra is called the relative K-homology group and denoted by K 0 (M, ∂M).
Odd Fredholm modules and the group K 1 .
Definition 5 An odd Fredholm module over the space X is a pair (F, H). Here F is a bounded operator F : H → H, acting on a separable Hilbert space H, which is a * -module over the C * -algebra C(X) and for an arbitrary function f ∈ C(X) one has φ(f )(F − F * ) ∈ K(H), φ(f )(F 2 − 1) ∈ K(H), [F, φ(f )] ∈ K(H).
Here φ is the module structure.
Thus, in contrast with the even case, the grading is not required. The set of stable homotopy classes of odd Fredholm modules over X is denoted by K 1 (X). Elliptic operators define elements of the groups K * . The usual elliptic (pseudo) differential operators on a smooth closed manifold define elements in K-homology. Namely, if D is an elliptic pseudodifferential operator D, which acts in sections of some bundles E and F over a smooth closed manifold M, then it defines a bounded operator on L 2 -spaces
(here P ker D is the orthogonal projection on the kernel of D). Both 
Odd Fredholm modules can be obtained from self-adjoint elliptic operators. Namely, if A is an elliptic self-adjoint operator in sections of a vector bundle E on a closed manifold, then the odd Fredholm module is defined using the operator
The corresponding element in K-homology is denoted by
